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Let G be a finite p-group, for any prime p. In this short note we will describe 
Ki(Z p [G}) modulo its p-power torsion in terms of abelian subquotients of G. Such 
a description has application in noncommutative Iwasawa theory due to a strategy 
proposed by D. Burns and K. Kato with a modification due to Hara pp. We will 
however, not say anything about the strategy and about noncommutative Iwasawa 
theory here. We must mention that such description of the Whitehead group of 
group rings or completed group rings in terms of abelian subquotients was first 
given by K. Kato [3] for completed group rings of open subgroups of Z p x Z* . The 
proof was rather tedious and long. In an unpublished article |3] K. Kato himself 
found a much more elegant approach using integral logarithm of R. Oliver and 
M. Taylor. He used this approach to describe the Whitehead groups of completed 
group rings of p-adic Heisenberg group and also proved the "main conjecture" for 
Galois extension of totally real number fields whose Galois group is a quotient 
of the p-adic Heisenberg group. The author generalised this approach in his PhD 
thesis [2] to prove main conjucture for pro-p groups of "special type" . These groups 
include many interesting examples such as U v x Z p where the action of Z p on Z£ is 
diagonal. T. Hara [T] used the approach of K. Kato and some inductive arguments 
to prove the main conjucture for Galois extensions of totally real number fields 
whose Galois group is of the form H x T, where H is any finite group of exponent 
p. In this note we will use K. Kato's approach using the integral logarithm for 
describing KiCZ p [G]) modulo its p-power torsion for a finite p-group G. 
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1. The additive side 

Let G be a finite group and let Conj(G) be the set of conjugacy classes of G. 
Let 7i p [Conj(G)] be the free Z p module generated by ConjiG). We first describe 
Z p [Conj(G)} in terms of abelian subquotients of G. If H is any subgroup of G, 
then C(G,H) denotes a set of left coset representatives of H in G. Unless stated 
otherwise we will use the notation [g] to denote the conjugacy class of g (the group 
will be clear from the context or stated explicitly) and use g to denote the image 
of g in abelianisation (again the group will be clear from the context or stated 
explicitly). Let N G H denote the normaliser of H in G and let W G H := N G H/H 
be the Wyel group. The group N G H acts by conjugation on W, p [Conj(H)] and 
7h v \H ah \. The action of H < N G H on 7L v \H ah \ is trivial and hence we get an action 
of WqH on 7h v \H ab \. For any H < G we have the following trace map on l Z* p [H ab ] 
given by 

g€W G H 

Let Th be the image of this map. Thus T# is an ideal in Z p [H ab } WaH . 

1.1. Maps relating Z p [Conj(G)] to abelian subquotients. Let if be a sub- 
group of G. Then we define a map t% : Z p [Conj(G)] — > Z p [Conj(H)] by 

t%([g})= {{x- 1 gx]:x- 1 gxeH} 

xeC(G,H) 

This induces a well defined map 

13% ■.Z p [Conj(G)]^Zp[H ab ] 

Let /3 G be the map 

P° := (Ph)h<g ■■ Z„[(G)] J] Z p [/T 6 ]. 

if<G 

Let C be the set of cyclic subgroups of G. Let (3]? be the map 
Pc (ffi)nec = Z p [Conj(G)] J] Z p [//]. 
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The maps (3 G and ft® fit in the following commutative diagram 
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Z p [Conj(G)}^UH<G^ P [H ab } 




proj 



n Hec Zp[H} 



1.2. The image of ft£. 

Definition. Let $c be the Z p -submodule of Yliiec ^p\H] consisting of all tuples 
(a H )Hec satisfying 

Al) For any H < H' < G, with H, H' G C, we have that 



A2) For any g G G, we want (o,h)h€C t° be fixed by g under the conjugation action. 
In particular for any H EC, we have an G Z p [H] NaH . 

A3) For any H G C, we want a H G T H . 
Lemma 1. The image of ft® is contained in $e. 

Proof: It is enough to show that ft® (\g\) G $ c for any g G G, i.e. that it satisfies 
Al), A2) and A3). 

Al): ftc([g}) satisfies Al) because for any H < H' < G, with H,H' G C, we have 
the following commutative diagram 



Z p [Conj(G)]^^Z p [H' 

,< 
Z p [H] 
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A2): Let g,gi E G. We must show that 9iPh([9})9i 1 = ^ij-g-^bl) for an y H EC. 
We in fact show that this holds for any H < G. 

xeC(G,H) 



= E ^(^iffi ^(^i^i *)] : ^ V G 

xeC(G,H) 



xiecccgi^- 1 ) 



A3): For A3) we must show that ([g]) E T H for any H EC. Again we show this 
for any H < G. First note that 

Hence it is enough to show that P% ah 1 {[g]) G for any # G NqH . But /3^ gH ([#]) 
is non-zero if and only is g E H, and when g E H, we have 

= E ^"V 

= E X ~ X 9 X e T h 

XGW G H 

This finishes proof of the lemma. □ 



We now define a left inverse of Define 

r c G : J] Z p [#] Q p [Conj(G)], 

by defining 

r^ H :Z p [H]^Q p [Conj(G)}, 
for each H EC and putting r G = Xlnec r c!-H"- Define Tq H by 

_g /> x _ / [G:N G H]\w G H\ [ h \ if h is a generator of if 
C ' M j ~ \ if not 

For any non-trivial cyclic group H of p-power order, let ujh denote any nontrivial 
character of H of order p. We fix such a character uh for each cyclic subgroup of 
a p-power order. Let tjh '■ % P [H] — > Z P [H] be the map defined by 

p i 

/ , x , 1 k 1 7 \ 7 f ^ if /i generates if 
W/0 = fc--£"&(W={o otherwise 

r fc=0 k 
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And for the trivial group H we take i] H to be the identity function. Then we may 

1 



define t g h as 



= [G : N G H}\W G H\ [T)H{h)] - 

Lemma 2. r{f o f3 G is identity on Z p [Conj(G)]. In particular, f3 G is injective. 

Proof: We show that t<? (f3(f ([<?])) = [<?], for any g E G. Let H be the cyclic 
subgroup of G generated by g. Let Ch be the set of conjugates of H in G. Then 
we note that 



T?(ff(ig])) = J2 T ?APp(l9])) 

Pec 



Pec H 






= E 

xeC(G,N G H) 


'C,xHx~ 




= E 

xeC(G,N G H) 


T G 

'C,xHx~ 


APxHx-^gx- 1 })) 


= E 

xeC(G,N G H) 


'C,xHx~ 


Yl \y~ lx 9 x ~ l v\) 

yeW G H 



xeC(G,N G H) 

xeC(G,N G H) L ^ 1 

□ 

Lemma 3. restricted to $c ^ s injective and its image lies in Z p [Conj(G)]. 

Proof: Let (a^Hec £ be such that ^((aff)) = J2Hec T c,H( a H) = 0. We claim 
that Tc h{uh) is zero for every if. This follows from two simple observations: firstly, 
T G H (an) and T G H ,(aH') cannot cancel each other unless H and if' are conjugates. 
But if H and H' are conjugates of each other, then by A2) 

T c,H( a H) = Tc :H ,(a H >)- 

Hence T G H {aH) = for any H E C. This implies that the coefficients of generators 
of H in an are 0. Now note that if H < H' are two cyclic subgroups of G and if 
a w = J2heH' a H',hh, then 

(3^(a HI ) = [H':H]J2^,hh. 
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By Al) this must be equal to an. Hence none of the generators of H appear in 
ant . This is true for any subgroup of H' . Hence a#/ = 0. Now we prove the second 
claim of the lemma. Let (a^Hec £ Then a H G T H , for all H G C by A3). Let 
a H = Y^xew G H xb H x~ x for some b H G Z P [H]. Then 

HeC/G x&WqH 

= [G : N G H)\W G H\T<f iH (b H ) eZ p [Conj{G)). 

HeC/G 

□ 

Theorem 4. /3 G induces an isomorphism between r L p [Conj{G)] and $e- 

Proof: Let r = r<? |$ c . Then we know that r o /3 G is identity on ZpfGonj^G)]. We 
claim that /3 G o r is identity on $c- Let (a^Hec £ ^*c, then T(/3 G (T((a#)))) = 
r((a^)). Hence by the previous lemma («?/))) = ( a n)- D 

1.3. The image of /3 G . Now lets assume that G is a p-group. Let H < H\ be 
two subgroups of G. Assume that [Hi,H]\ < H, then H/[Hi, Hi] < and we 
have two naturally defined maps 

trace = tr H , Hl : Zp[#f] Z p [H/[H u Hi]], 

and the natural surjection 

^h,Hi = % P [H ab ] -> Zp[if/[#i,.Hi]]. 

Definition. Let <3? G 6e t/ie r L v -submodule of Yl H<G 1* p [H ab ] consisting of all tuples 
{clh)h<g, such that 

Al) For any two subgroups H < Hi of G such that [Hi, Hi] < H, we have 

tr H ,Hi{aHi) = kh,Hx{<ih)- 

A2) We want (an)H<G t° be fixed by all g G G. In particular, an G Z p [H ab ] WaH 
for all H < G. 

A3) We want a H G T H for all H eC. 

Lemma 5. The image of (3 G is contained in <3> G . 

Proof: We have already shown that image of /3 satisfies A2) and A3) in the proof 
of lemma [TJ In fact, we showed that A2) and A3) is satisfied for every H < G. We 
show that it satisfies Al). First note that [Hi, Hi] < H implies that if is a normal 
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subgroup of Hi (since if h G H and x G Hi, then xhx~ x h~ x G < H. Hence 

xhx' 1 G Hh = H). Now we must show that the following diagram commutes. 



G 
Hi 



Z p [Conj(G)] '^Z p [H?\ 

Z^-^Z^H/^Hi]] 

Let h G Hi, then tr HiHl {h) is unless h G H in which case it is 

tr^(^) = [Hf : (H/[Hi,Hi])]h = [Hi : if]7i G Z p [#/[#!, ifx]] 
On the other hand ^^(/^([/i])) is unless h G H in which case it is 

TW/^a/i])) = [#i : H]h G Z^tf/^, i^]]. 
Hence for any g G G, we have 

frjft.ffO^ ([$])) = [//! : H] J2 (^ri : X ^9 X e R } 

xeC(G,Hi) 



□ 



Lemma 6. The projection pro j : n#<G ^ J p[H ab ] — > YlHec^pi^] maps $ G isomor- 
phically onto $c 

Proof: Surjectivity follows from proj( / 9 G (( / 9 G )~ 1 ((a^)))) = (an)- We now prove 
injectivity of proj : $ G — > <£>c- Let (clh)h<g be such that proj((ajj)) = in $£. 
We will use induction on order of H. Let H < G be a non-cyclic subgroup of 
G. We must show that an = 0. Let an = J2heH ab a ^ 1 - Let h G be such 
that cih 7^ 0. Let ho be any lift of h to /J. Let P be a maximal subgroup of 
H containing ho. Then P is a normal subgroup of H of index p (Since H is a 
non-cyclic p-group). By the induction hypothesis ap = 0. By Al) trp^H^an) = 0. 
But the co-efficient of h G P/[H,H] in trp^(a^) is pa^ ^ 0. This contradicts 
tr P , H (a H ) = 0. □ 

Remark: We use the hypothesis that G is a p-group for the first time in the above 
lemma. 

Theorem 7. Let G be a finite p group. Then f3 G induces an isomorphism between 
Z p [Conj(G)] and $ G . 

Proof: This is a straightforward corollary of the previous lemma. □ 
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We now explicitly construct the inverse q of proj : $ G — > $c- First define qu '■ 
$ c ->■ Z p [H ab ] for each H < G and then put q = (qu)H<G- For any H <G, define 
Qh by 

qHiM) = E [H : nJpWhP^ ' 
p<h and Hec 



where rjp(ap) denote the image of rjp(ap) under the natural map P — > H ab . 

Lemma 8. Image of q is contained in § G and q is the inverse of proj . 

Proof: Let Pc([g]) = (ap)p eC . Both the claims in lemma follow if we show that 
<Zif((op)) = Puiid]) f° r & U H < G. Note that r)p(ap) is non-zero if and only if 
P is a conjugate of the cyclic group generated by g. Let P g be the cyclic group 
generated by g and let C g be the set of all conjugates of P g . Let C 9i p consist of all 
P E C g which are subgroups of if. Then 



q H ((a P )) = 

PeCgM 




1 


[H: 


:N H P]\W H P\ 


= E 




1 


[H: 


:N H P\\W H P\ 


= E 




1 


[H: 


:N H P}\W H P\ 



r)p(a P ) 



f3C({g]) (since MfiM) = PpM)) 



^ \W H P\ - 



Pec g , H /H 



p 



= E w-p^w) 

Pec g , H /H 1 H 1 

= E WT\^( E {WWl^gx e H}) 

PeC g M/H ' H ' x£C(G,H) 

= E E {kVll^Ve^} 

Pec g , H /H xeC(G,H) 

xeC(G,H) 

□ 

For any (ap)p e e £ $c and any H <E C, define 

u H : $ c -> Z p [H], 
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by 

v—> \P ■ P p ] 

v H (M) = E ' pp] ver Pt p P (7]p(a P )) E Z p [H], 

Pp<H <■ ' ' 

where verp t p P : P — > P p > H is just the p-power map. Put 

v = (v H ) HeC :$c^ Y[Z P IH]- 
Hec 

Lemma 9. We have the following commutative diagram 

Z P lConj(G)]^L<S> c 



Z p [Conj(G)]—^^ c 

Pc 

Proof: We will show that for any H eC, we have ^c,h{[9 p \) = v h(Pc([9\))- It is 

best to consider the following two cases: 

Case I: g — 1. Then P^ H {\V\) = j^j. On the other hand 

Case 2: g ^ 1. Let P g be the cyclic group generated by g. Let C g be all the 
conjugates of P g in G. Then 



Per. pp<-w L ' J 



= ErH^T E {ra^v^} 

= E [ff E E {[y'^gPxyWy^x^gxy e P} 

<■ ' ' xeC(G,H) yeC(H,PP) 

= E E {[x-ig'xWx^gx e P} 

xeC(G,H) 

= E E {[x- 1 g p x]\x- 1 gxe P} 

xec(G,H) Pec g ,pp<H 
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Now x~ l gx lies in P and P' for P, P' e C 9 implies that P = P' and x~ 1 gx e P for 
some PeC 9 such that P p < P if and only if x~ l g p x e P. Hence 

£ <ra- v ^ = { ™ ^ : 

PeC a ,pp<H k ^ in- 

putting this in the equation above we obtain 

M/3c ([<?])) = E 

2iec*(G,H) 



Definition. Define v q = q o v o proj : $ G — > <3> G . 
Corollary 1. The following diagram commutes 

Z p [Conj(G)]^$G 



□ 



Z p [Conj(G)]^^G 

Proof: We break the square into following two squares which we know commute 

Z p [Conj(G)} $ c $g 



VG 



Z p [Conj(G)] — $ c $g 

□ 

Explicitly, the H th component, Vq,h of Vq is given by 

\p . pp\ 

VgAM) = E [H : N H PP]\W H PP\ VerpMvp{ap)) - 
Pec and pp<# 

2. The multiplicative side 

We have the following multiplicative analogues of (3^. 

Q% : K x (Z p \G\) S> Px(Z p [P]) ^ Z p [H ab ]\ 

where N§ is the norm map and can is the map induced by natural surjection 
P ->■ H ab . Let 

rabl X 



G = (6%)h<g : Pi(Z p [C7]) -> J] Z P [P° 



H<G 
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2.1. Logarithm and integral logarithm. In this subsection we recall the loga- 
rithm and integral logarithm maps of Oliver and Taylor [5]. 

Theorem 10. Let J C Z p [Cr] be the Jacobson radical. Let I C Z P [G] 6e any iwo 
szded idea/. Taen thep-adic logarithm Log{l + x) induces a unique homomorphism 

logj : Ki(Zp[G], I) ->• Q® z (//[Z p [G],/]). 
Kerilogi) is finite for any I. If I p C pi J, £/ten /og/ zs an isomorphism. 

This is theorem 2.8 and 2.9 in [5] 
Lemma 11. For any H < G, we have 0h ° ^oo = log o 9 H . 

This is lemma in theorem 1.4 [6 J 
Definition. Let log = logz p [G}- Define the following map 

L = log- ^log : #i(Z p [G]) -> Q p [Conj(G)]. 

Theorem 12. For any finite p- group G , the image of L is contained in 7L P \C on j{G)\. 
The map L is natural with respect to maps induced by group homomorphisms. 

This is theorem 6.2 in [SJ 

Theorem 13. Let G be a finite p-group. Let e = (— and define 

u> : Z p [CWj(G)] (e) x G ab by cu(J2 a *9i) = fl^P- 
Then the following sequence is exact 

1 K x (Z p [G\) /torsion A Z p [Conj(G)] A (e) x G ab -)• 1 

Moreover, the torsion subgroup of Ki(Z p [G]) is precisely {e)xfi p _ 1 xG ab xSKi(Z p [G]). 
Here SK\(Wi p [G\) is by definition the kernel of the natural map Ki(Z p [G]) — > 

This is theorem 6.6 and theorem 7.3 in [5] (the assertion about torsion part of 
Ki(Z p [G}) is a result of C.T.C Wall and theorem 7.3 is loc. cit.). 

2.2. Relation between the multiplicative and additive sides. 

Lemma 14. For any non-trivial cyclic group P, there is a map ap : Z P [P] X — > 
Z p [P] x such that the diagram 

Zp[P] x J^U Q p[P] 



ap 



PVp 



commutes. 
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Proof: Since pt]p(h) = ph — X]a-=o w p(^); we ma y define «p as 

x p 

ap(x) = : — ■ . 

The commutativity of the diagram in the lemma can now be verified easily since 
log commutes with ring homomorphisms of Z p [P] induced by homomorphisms of 
the group P. □ 

Definition. Define to be the identity map. 

Definition. Define the map u GyH : Upec Z p[ P ] X ~* Z p [iJ a6 ] x by 

ug,h(( x p)) II ver Pt p P (a P (xp))\ pp \. 
Pec,pp<H 

Lemma 15. For any x G K\{X p [G\) and any H < G , we have 

1 / 9 G (xf\ H \ x 



T>\n\ V - ! 



Proof: First consider log(u GtH {{xp))) 

log(u GiH ((x P ))) = ^ \P p \ver P) pp(log(ap(x P ))) 



Pec,pp<H 



= \P p \ver P M[P ■ P p ]vp(log(x P ))) 
= ^ \P\ver P) ppver P) pp(rip(log{xp))) 
= \H\v GiH ((log(x P ))). 



Then 



ffi(L(x))=f%(log(x))-±f%(<l>(log(x))) 

= log(6 G (x)) - l -v G ^ G {log{x))) 
= log{6 G (x)) - l -v G , H {log{6 G {x))) 
= log(6 G (x)) - -L.log(u G , H (6 G (x))) 

P\ll | 

1 . / 9 g (x)pW 



M— 



p\H\ "KuG^ix))/- 



□ 



Definition. For any finite p-group H , define Jh to be the kernel of the homomor- 
phism Z p [H ah ] ->■ F p . 
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Lemma 16. For any x G Ki(7i p ) and any H < G , we have 

6 G H {xy\ H \ = u G , H (6 G (x))(mod J H ), 
where J H = ker{Z p [H ab ] ->■ F p ). 

Proof: Note that if P ^ {1}, then a,\ ee l(mod Jp), for any x G Z P [P] X . Hence 
we must show that 

e%(xyw = ef 1} (x)(modj H ), 

for any H < G. We must show that the following diagram commutes 



Ki{¥ p [H\) 




¥ p [H ab ] x 

because, then augiO^x)) = 9? 1 x(x)(mod p), which is what we want. To show that 
the diagram commutes we only have to show that the square in the lower half of 
the diagram commutes. We note that for any x G K\(7L V \H\) 

x^ ee aug(x)\ H \(mod p), 

and 

aug(x) = aug(ir(x)). 

Hence 

norm(x)\ H]{ = aug(x)^ 

ee aug(7r(x)y H \(mod p). 
which show the required commutativity of the above square. □ 

2.3. The main theorem. 

Definition. Let Ki(R) denote the group Ki(R) / Ki(R)(p) , where K 1 (R)(p) de- 
notes the p-power torsion subgroup of K~i(R). 

Definition. Let denote by 6 G the map 



H<G 



induced by 9 C 



The integral logarithm map L is trivial on torsion and then factors through K\. 
We denote the induced map from k x by L. 
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Definition. For any subgroups H < H i < G such that [Hi, Hi] < H we have the 
norm map 

nr H , Hl : Ki(Z p [H?]) -> K x {Z p [H ah ]). 

Definition. Let \I/ G < YIh<g ^i('^ i p[H ab ]) be the subgroup consisting of all tuples 
(xh) such that 

Ml) For any H < H\ < G such that [Hi, Hi] < H , we want 

nr H;Hl (x Hl ) = tt HiHi (x h ). 

M2) We want all (x H ) to be fixed by all g eG. In particular, x H G K 1 (Z p [H ab ]) w ° H , 
for allH <G. 

M3) For all P < G, we want Xp P ' = mg,p((x^)) (mod Jp). 
M4) For all P G C, we want ip P ' = ug,p{{xh)) (mod p\P\Tp). 

Lemma 17. The image of 9 G is contained in \& . 

Proof: We first show that image of 9 G satisfies Ml) and M2). To show Ml) we 
see that the following diagram commutes because the basis of Z p [Hi] as a Z P [H]- 
module can be taken to be the same as the basis of Z p [H® b ] as a Z p [H/[Hi, Hi]]- 
module. 



Ki(Z p [G]) 

lorvnff, 

1 

Ki(Z p [Hi]) 



Ki{Z p [H?\) 



Ki{Z p [H]) 



Ki{Z p [H ab ]) 



nr Hl ,tr 




Ki{Z p {H/[Hi,H n 

M2) is clear. We have already shown M3) is lemma fT6l Since we know M3) 



x y\H\ 



loq , 

y \u G;H (9 G (x)) 

is defined for every H < G. Using the relation 



jlog 



\p\h\ 



P\H\ ^u G , H {9 G {x)) 
and the description of image of (3 G we conclude that 

9 G (x)^ H 



log 



u G , H (9 G (x)) 



ep\H\T H , 
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for every H G C. But log induces an isomorphism between l+p\H\Tu andp|if|T#. 
Hence we get M4). This shows that image of 9 G is contained in \I/ G . □ 

Definition. We define the map C : \I/ G — > $ G by 

P \p\ 

C((x H )) = (log( % . 
We then have the following commuting diagram 

^!(Z P [G])— Z p [Conj(G)] 

_ 

Lemma 18. The image o//x p _i embeds in \I> G diagonally and is precisely the kernel 
ofC. 

Proof: We use induction on the order of G. Let z be a central element of G of 
order p. Let G = G/(z). We assume by induction hypothesis that the kernel of 
\I/ G is /i p _i. Consider the following commutative diagram 

\J/G — £^ ^G 
^G— ^ $ G 

For any H < G we denote if to be the image of H in G. The kernel of ab ] x — > 

Z p [H ab ] x is trivial if z <£ H and it is 1 + (z - l)Z p [H ab ] if z e H (recall that here 
z is the image of z is f/~ afe ). As z has order p, we note that 

&h(xh) = 1, 

for any %Gl + (l- i)Z p [if ab ]. If (x H ) G kernel(ir), then 

= (logix^^H^c. 

Hence £((%)) = in <3> G for (xh) £ ker(ir) if and only if rr^ = 1 for every H < G. 
Hence kernel of C injects into kernel of C which proves the lemma. □ 



Lemma 19. The map 6 G is injective. 

Proof: Let x G Ki(Z p [G}) be in the kernel of 6 G . Then f3 G (L(x)) = 0. Since f3 G 
is injective we deduce L(x) = 0, i.e. x G // p _i. As maps isomorphically onto 
C ^> G . Hence x = 1. □ 
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Lemma 20. The map 9 G is surjective. 

Proof: Let (x H ) G \1/ G . Since C((x H )) G $ G , we get a unique a G Z p [Conj(G)} 
such that f3 G (a) = C((xh))- We claim that aJc(a) = 1. This is because 

X P\G\ x p\G\ 

u G (a) = u G a b (log( f- — -)) = u G a b (log( G )) 

Hence there is a x' G #i(Zp[G]) such that £(# G (V)) = Hence 9 G (x , )- 1 ((x H )) e 

H p -i- Since n v -\ C 7fi(Z p [Cr]) maps isomorphically onto n v -\ C \I/ G . We may now 
modify x' to get an x such that 9 G (x) = ((##)). □ 



Hence we get our main theorem 

Theorem 21. ITie map # G : Ki(Z p [G}) — >■ ]1 //<G , _ft' 1 (Z p [iJ a6 ]) induces an isomor- 
phism between Ki(Z p [G]) and ^/ G . 
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